1. Preliminaries 1.1. In this paper, for any Coxeter group (W, S), we assume the generating set S is finite. We call |S| the rank of (W, S) and denote it by rank(W ). We use l for the length function and ≤ for the Bruhat order of W . The neutral element of W will be denoted by e. For x ∈ W , we set L(x) = {s ∈ S|sx < x}, R(x) = {s ∈ S|xs < x}. For s, t ∈ W , let m st ∈ Z ≥1 {∞} be the order of st in W .
For any I ⊆ S, let W I = I . Then (W I , I) is also a Coxeter group, called a parabolic subgroup of (W, S). Denote the longest element of W I by w I if |W I | < ∞. For s, t ∈ S, s = t, we use W st instead of W {s,t} and w st instead of w {s,t} .
For w 1 , w 2 , · · · , w n ∈ W , we often use the notation w 1 · w 2 · · · · · w n instead of w 1 w 2 · · · w n if l(w 1 w 2 · · · w n ) = l(w 1 ) + l(w 2 ) + · · · + l(w n ).
1.2. Let (W, S) be a Coxeter group. A map L : W −→ Z is called a weight function if L(ww ′ ) = L(w) + L(w ′ ) for any w, w ′ ∈ W with l(ww ′ ) = l(w)+l(w ′ ). Then we call (W, S, L) a weighted Coxeter group. For any J ⊆ S, it is obvious that the parabolic subgroup (W J , J, L| W J ) is also a weighted Coxeter group.
In this paper, the weight function L for any weighted Coxeter group (W, S, L) is assumed to be positive, that is, L(s) > 0 for any s ∈ S. n.
Complementally, we define deg 0 = −∞. , ∀s, t ∈ S, m st < ∞.
Obviously, T e is the multiplicative unit of H. For any w ∈ W , we define T w = T s 1 T s 2 · · · T sn ∈ H, where w = s 1 s 2 · · · s n is a reduced expression of w in W . Then T w is independent of the choice of reduced expression and {T w |w ∈ W } is a Z [v, v −1 ]−basis of H, called the standard basis. We define f x,y,z ∈ Z[v, v −1 ] for any x, y, z ∈ W by the identity T x T y = z∈W f x,y,z T z .
The following involutive automorphism of rings is useful, called the bar involution:¯:
s . We have T w = T −1 w −1 for any w ∈ W . We set
We can get the following facts by easy computation.
Lemma 1.4.
(1) For any x, y, ∈ W , we have f x,y,e = δ x,y −1 .
(2) For any x, y, z ∈ W , we have deg f x,y,z ≤ min{L(x), L(y), L(z)}.
(3) For any finite parabolic subgroup W I of W , x ∈ W I , we have deg f w I ,w I ,x = L(x).
(4) Assume s, t ∈ S, m st < ∞, x, y, z ∈ W st such that deg f x,y,z = L(z).
If l(z) ≥ 2, then x = y = w st . If z = s, then y = x −1 , s ∈ L(x), s ∈ R(y).
Define the degree map
And we set N = max I⊆S |W I |<∞ L(w I ). G.Lusztig gave the following conjecture in [L3, 13.4 ].
Conjecture 1.5. Let (W, S, L) be a weighted Coxeter group, S is finite and L is positive, then N is a bound for (W, S, L). Namely, deg (T x T y ) ≤ N for all x, y ∈ W . Remark 1.6. This conjecture is very important in studying the cells of weighted Coxeter groups. For example, if this conjecture is true, then the a-function is also bounded by this N. Further, W has a lowest two-sided cell, see section 7. We can also consider conjectures P1-P15 and the ring J, see [L3, Chapter 14, Chapter 18] .
When W is a finite Coxeter group, this conjecture can be proved using Lemma 1.4(2). In [L1, 7.2] , G.Lusztig proved this conjecture when W is an affine Weyl group. In [SY, 3.2] , J.Shi and G.Yang proved this conjecture when W has complete Coxeter graph. In [Zhou, 2.1], P.Zhou proved this conjecture when rank(W ) = 3 and L = l, so this conjecture is also true when rank(W ) = 3 and L = nl for some n ∈ Z ≥1 . In this paper, we will prove this conjecture when rank(W ) = 3 and L is positive, see Theorem 2.1.
1.7.
For any w ∈ W , there exists a unique element C w ∈ H ≤0 such that C w = C w and C w − T w ∈ H <0 . The elements
Using Kazhdan-Lusztig basis, we can define the preorders ≤ Now we assume Conjecture 1.5 holds, so we have deg h x,y,z ≤ N for any x, y, z ∈ W . Then we can define the a-function
For any x, y, z ∈ W , we define β x,y,z , γ x,y,z ∈ Z such that f x,y,z −1 = β x,y,z v N + lower degree terms.
If γ x,y,z = 0 and a(z) = N, then β x,y,z = γ x,y,z = 0.
The detail of 1.7 and the proof of Lemma 1.8 can be found in [L3] .
Weighted Coxeter Groups of Rank 3
From now on, we assume (W, S, L) is a weighted Coxeter group of rank 3 and L is positive. We set N = max I⊆S |W I |<∞ L(w I ). The main result of this paper is the following.
Theorem 2.1. We have deg (T x T y ) ≤ N for all x, y ∈ W . In other word, Conjecture 1.5 holds in this case.
Let S = {r, s, t}. Conjecture 1.5 has been proved if W is a finite Coxeter group or affine Weyl group or W has complete Coxeter graph, so we may assume that W is infinite, m rt = 2, m sr ≥ m st .
When m sr = ∞, m st = 2, the Coxeter graph of (W, S) is not connected. In this case, (W, S) is the direct product of (W sr , {s, r}) and ( t , {t}) as a Coxeter group. The parabolic subgroup W sr is an affine Weyl group of type A 1 and t is a finite Coxeter group of two elements, Conjecture 1.5 holds in these two cases.
When m sr = m st = ∞, the case is also simple. For any x ∈ W , we have L(x) = {s} or L(x) ⊆ {r, t}, we also have R(x) = {s} or R(x) ⊆ {r, t}. For any x, y ∈ W , if R(x) = {s} and L(y) ⊆ {r, t}, or R(x) ⊆ {r, t} and L(y) = {s}, then we have T x T y = T xy . Therefore, we can get deg (T x T y ) ≤ Max{L(rt), L(s)} for any x, y ∈ W by easy computation.
Summarizing the discussions above, we only need to consider the following three cases. We will deal with them in sections 3 to 5. Case 1: m sr = ∞ > m st ≥ 3. In this section, we prove Theorem 2.1 for the case m sr = ∞ > m st ≥ 3. In this case, N = Max{L(rt), L(w st )}. It is easy to see
Proof. (1) See [Zhou, 5.7] . (2) See [Zhou, 5.9] . (3) When l(w) ≥ 3, see [Zhou, 5.8] . We only prove the case of w = st because the case of w = ts is similar.
If l(x) ≤ 1 or l(y) ≤ 1, by Lemma 3.1(2),(3), we have l(xwy) = l(x) + l(w) + l(y).
If l(x) ≥ 2 and l(y) ≥ 2, we may assume x = x 1 · sr, y = rs · y 1 for some x 1 , y 1 ∈ W . Since L(y) ⊆ {r}, we have L(sy 1 ) = {s}. By Lemma 3.1(5), we have R(x 1 srs) = {s}. So l(xwy) = l(x 1 srstrsy 1 )
by Lemma 3.2(2).
Proof. Now we prove Theorem 2.1 for this case. We use induction on l(y). When l(y) = 0, 1, the conclusion is clear by Lemma 1.4(2). Now assume l(y) ≥ 2 and the conclusion is true for y
Assume x 1 = x 2 · sr, y 1 = rs · y 2 for some x 2 , y 2 ∈ W . Then
Assume x 1 = x 2 · sr, y 1 = rs · y 2 for some x 2 , y 2 ∈ W . Since R(x 1 ) ⊆ {r}, L(y 1 ) ⊆ {r}, we have R(x 2 s) = L(sy 2 ) = {s}. Then by Lemma 3.2(2),
Since l(sy 2 ) < l(y), by induction hypothesis, we have deg
Case 2
In this section, we prove Theorem 2.1 for the case
Proof. We use induction on l(w) to prove (1) and (2) simultaneously. When l(w) = 0, 1, 2, (1) and (2) are clear. Now assume l(w) ≥ 3 and (1) and (2) are true for w ′ if l(w ′ ) < l(w). If w = w 2 · r = w 1 · ts, we have w = w 3 · w sr , so w 2 = w 3 · w sr r, w 1 t = w 3 · w sr s. We get w 1 t = w 4 · tr. So w 4 · t = w 1 tr = w 3 · w sr sr, contradict the induction hypothesis. If w = w 2 · t = w 1 · rs, we can find a contradiction similarly. (3) If r ∈ R(w), then R(w) = {r, t}, R(w 1 s) = {s}, so any reduced expression of w is ended by st, a contradiction. (4) Similar to (3). (5) By (1), R(w 1 ts) = {s}, by (3), r / ∈ R(w). (6) Similar to (5). (7) We use induction on l(w). When l(w) = 0, 1, 2, the lemma is clear. Now assume l(w) ≥ 3 and the lemma is true for w ′ if l(w ′ ) < l(w). If w = w 1 · st = w 2 · sr, we have w = w 3 · tr. So w 1 s = w 3 r, w 2 s = w 3 t. We get w 3 r = w 4 · w sr , w 3 t = w 5 · w st . Thus w 3 = w 4 · w sr r = w 5 · w st t. So w 4 · w sr rs = w 5 · w st ts, contradict the induction hypothesis.
Proof.
(1)(2) See [Zhou, 4.4] . (3) See the proof of [Zhou, 4.5] .
By Lemma 4.1(9) and Lemma 4.2(2),
Proof. We have 3 cases.
(
Similar to (2).
We have ty = w st · y ′ for some y ′ ∈ W .
Proof. First we have
We have 4 cases.
We assume xs = x 1 · w sr , R(x 1 ) ⊆ {t}. Since L(sry) = {s}, by Lemma 4.1(3), we have L(tsry) = {t}. By Lemma 4.2(2), T xwstt T ry = T xsts T ry = T x 1 wsr T tsry = T x 1 wsrtsry . 3 m st = 4, R(xs) = {s, r}, L(sry) = {s, r}.
We assume
By Lemma 4.2(2), T xwstts T wsry ′ = T xwsttswsry ′ . On the other hand,
Then m st = 4 and R(xs) = {r, s}. We have
(1) l(c) ≤ m st − 3.
We have f wst,c,st = f wst,c,ts = 0, f wst,c,tst = 0 or 1, f wst,c,sts = 0 or 1 in this case.
We have f wst,c,st = 0 or 1, f wst,c,ts = 0 or 1, f wst,c,tst
We have
Proposition 4.7. We have deg (T x T y ) ≤ N for all x, y ∈ W in case 2. Proof. Now we prove Theorem 2.1 for this case. We use induction on l(y). When l(y) = 0, 1, 2, the proposition is clear by Lemma 1.4(2). Now assume l(y) ≥ 3 and the proposition is true for y
By Lemma 1.4(1), f w,u,e ∈ Z, so we only need to prove deg (T x ′ T y ′ ) ≤ N. We have
Since l(sy 1 ) < l(y), by induction hypothesis, we have deg (T x 1 s T sy 1 ) ≤ N, so we only need to prove deg (T x 1 st T sy 1 ) ≤ N − L(t). We assume
f wst,c,q T q )T y 2 = f wst,c,sts T x 2 sts T y 2 + f wst,c,tst T x 2 tsty 2 + q∈Wst,l(q)≥4
f wst,c,q T x 2 qy 2 .
It is clear that f wst,c,sts , f wst,c,tst ∈ {0, 1}. By Lemma 4.2(6), we have
We will prove deg (f wst,c,q
Since l(ty 2 ) < l(y), l(y 2 ) < l(y), by induction hypothesis, we get
By Lemma 4.6, we have deg
By Lemma 4.6, we have deg f wst,c,q ≤ L(t). Assume y 2 = rsy 3 , L(sy 3 ) = {s}, by Lemma 4.3, Lemma 4.4, we get deg
Similar to 3 . 6 q = ts, l(x 2 ) ≥ 2.
Similar to 4 . 7 q = tst.
By Lemma 4.6, we have deg f wst,c,q ≤ 2L(t). By Lemma 4.2(7), T x 2 q T y 2 = T x 2 tst T y 2 = T x 2 tsty 2 . So deg (f wst,c,q T x 2 q T y 2 ) ≤ 2L(t). 8 q = sts.
By Lemma 4.6, we have deg f wst,c,q ≤ L(st). By Lemma 4.2(6), we
By Lemma 4.2(1), we have deg (f wst,c,q
We have 2 cases. 1 u = e.
Since l(rsy 1 ) < l(y), l(sy 1 ) < l(y), by induction hypothesis, we get
Similar to (4). (6) p = rsr.
We have T x ′ rsr T y ′ = T x ′ rs T rt T sy 1 . By Lemma 4.1(2), we get R(x ′ rs) = L(sy 1 ) = {s}, so by Lemma 4.3,
Case 3
In this section, we prove Theorem 2.1 for the case ∞ > m sr ≥ 7, m st = 3. In this case, N = L(w sr ) > Max{L(w st ), L(rt)}.
Lemma 5.1. Let w ∈ W .
(1) There is no w 1 , w 2 ∈ W such that w = w 1 · st = w 2 · sr.
(2) If w = w 1 · srs, then t / ∈ R(w). (3) If w = w 1 · srsr, then t / ∈ R(w). (4) If w = w 1 · ts, then r / ∈ R(w). (5) If w = w 1 · tsr, then s / ∈ R(w).
(1) We use induction on l(w). It is easy to check this lemma when l(w) ≤ 5. Now assume l(w) ≥ 6 and the lemma is true for w ′ if l(w ′ ) < l(w). We assume w = w 3 · rt. So w 1 s = w 3 r, w 2 s = w 3 t. We have w 1 s = w 3 r = w 4 · w sr , w 2 s = w 3 t = w 5 · w st . Since m sr ≥ 7, we assume w 3 = w 5 · w st t = w 5 · ts = w 4 · w sr r = w (2) If w = w 1 · srs = w 2 · t, we have w = w 1 · srs = w 3 · sts, so w 1 · sr = w 3 · st, contradict (1). (3) If w = w 1 · srsr = w 2 · t, we have w = w 1 · srsr = w 3 · tr, so w 1 · srs = w 3 · t, contradict (2). (4) If w = w 1 · ts = w 2 · r, we have w = w 1 · ts = w 3 · w sr , so w 1 · t = w 3 · w sr s, contradict (3). (5) If s ∈ R(w), then we have w = w 2 · srsrsr for some w 2 ∈ W , so w 1 · t = w 2 · srsr, contradict (3).
According to [Zhou, 3 .5], we have Lemma 5.2. Let x, y ∈ W , R(x), L(y) ⊆ {t}, w ∈ W sr , l(w) ≥ 6 or w = srsrs, then l(xwy) = l(x) + l(w) + l(y), R(xwy) = R(wy), L(xwy) = L(xw).
Proof. (1) See the proof of [Zhou, 3.6] . (2) We assume
Lemma 5.4. Let x, y ∈ W , R(x), L(y) ⊆ {s}.
(1) If R(xr) = {s, r}, R(xt) = {s, t}, R(xrs) = {s, r}, then
(1) See the proof of [Zhou, 3.7] .
(2) We assume xr = x ′ · w sr for some
Proof. See the proof of Lemma 5.4(3).
Proof. We suppose l(xrsrsry) < l(x) + l(y) + 5. Then we have l(x), l(y) ≥ 1, so we may assume x = x ′ · t and y = t · y ′ for some 
(1) We have
Proof. (1) We have
. Now we consider T xr T sty . If y = e, the lemma is clear, so we may assume y = r · y 1 for some y 1 ∈ W , L(y 1 ) ⊆ {s}. We have 2 cases. 1 R(xr) = {r}.
If R(xrs) = {s}, then T xr T sty = T xrstr T y 1 . By Lemma 5.4, we have deg (T xr T sty ) ≤ L(sr). If R(xrs) = {s, r}, then we assume xrs = x ′ · w sr for some x ′ ∈ W . So T xr T sty = T x ′ wsr T try 1 . By Lemma 5.7(2),
We assume xr = x ′ · w sr for some x ′ ∈ W , thus
If L(tsy 2 ) = {r, t}, we assume sy 2 = w sr · y 3 for some y 3 ∈ W . By Lemma 5.2, T x ′ wsrsr T tsy 2 = T x ′ wsrsrt T wsry 3 = T x ′ wsrsrtwsry 3 . By Lemma 5.7(1), we
Proposition 5.9. We have deg (T x T y ) ≤ N for all x, y ∈ W in case 3. Proof. Now we prove Theorem 2.1 for this case. We use induction on l(y). When l(y) ≤ 4, the theorem is clear by Lemma 1.4(2). Now assume l(y) = n ≥ 5 and the theorem is true for y
From now on we assume l(p) ≤ 4 or p = rsrsr, x 1 = x 2 · rst, y 1 = tsr · y 2 , R(x 2 ), L(y 2 ) ⊆ {s}, R(x 2 r) = L(ry 2 ) = {r}, R(x 2 rs) = L(sry 2 ) = {s}. We have 10 cases.
(1) p = e.
If u = e, we have f w,u,r ∈ Z. Since l(sry 2 ) < l(y), by induction hypothesis, we have deg
Then x 2 = e or y 2 = e, so T x 2 t T y 2 = T x 2 ty 2 .
We have 
Similar to (4). (6) p = srs.
First we have deg f w,u,rsr ≤ L(rsr). By Lemma 5.1(4), we know r / ∈ R(x 2 rsrts). So we have 2 cases. 1 R(x 2 rsrts) = {s}.
By Lemma 5.4, we have deg (T x 2 rsrts T trsry 2 ) ≤ L(sr) and therefore deg (f w,u,rsr T x 2 rsrts T trsry 2 ) ≤ L(rsrsr). 2 R(x 2 rsrts) = {s, t}.
Then R(x 2 rsr) = {s, r}. We assume x 2 rsr = x 4 · w sr for some
s )T x 4 ·wsrs·tst T rsry 2 + T x 4 ·wsrs·ts T rsry 2 . Since R(x 4 · w sr s) = {r}, L(rsry 2 ) = {r} or {s, r}, by Lemma 5.3 and Lemma 5.5, we have deg
by easy computation. Now we assume L(rsry 2 ) = {s, r}, then rsry 2 = w sr · y 3 for some y 3 ∈ W , we have
We have f w,u,p T x 1 p T y 1 = f w,u,srsr T x 2 rstsrs T trsry 2 . By Lemma 5.1(2), we know R(x 2 rstsrs) = L(sry 2 ) = {s}. By Lemma
We have completed the proof of Theorem 2.1.
Some Consequences
In this rest of this paper, we set
Then we have the following results. Proposition 6.1. If x, y ∈ W satisfy deg (T x T y ) = N, then x ∈ Λ and y ∈ Λ.
Proof. When W is a finite Coxeter group, it is clear. When W is an affine Weyl group, we can get this conclusion from [Xie1, 3.1] . When W has complete Coxeter graph, see [Xie2, 3.4] . The case of m sr = ∞, m st = 2 and the case of m sr = m st = ∞ are obvious. So we only need to check the proofs from section 3 to section 5 to consider these three cases.
First of all, we consider case 1. Keeping the assumptions and notations in section 3, we have
We should consider when the degree of deg (f w,u,p T x 1 p T y 1 ) can achieve N. By the proof in section 3, when l(p) ≥ 2, if deg (f w,u,p T x 1 p T y 1 ) = N, then we have deg f w,u,p = N, so N = L(w st ) and w = u = p = w st . We get x ∈ Λ and y ∈ Λ. When p = s, we have deg (f w,u,p T x 1 p T y 1 ) < N. When p = e or p = t, we have deg (f w,u,p T x 1 p T y 1 ) ≤ N. By Lemma 1.4(4), we have x ∈ Λ and y ∈ Λ if the equality holds.
Then we consider case 2. Keeping the assumptions and notations in section 4, we have
We should consider when the degree of deg (f w,u,p T x ′ p T y ′ ) can achieve N. By the proof in section 4, when l(p) ≥ 4, if deg (f w,u,p T x ′ p T y ′ ) = N, then we have deg f w,u,p = N, so N = L(w sr ) and w = u = p = w sr . We get x ∈ Λ and y ∈ Λ. When l(p) = 0 or 2 ≤ l(p) ≤ 3, we have deg (f w,u,p T x ′ p T y ′ ) < N. When l(p) = 1, we have deg (f w,u,p T x ′ p T y ′ ) ≤ N. By Lemma 1.4(4), we have x ∈ Λ and y ∈ Λ if the equality holds.
At last, we consider case 3. Keeping the assumptions and notations in section 5, we have
We should consider when the degree of deg (f w,u,p T x 1 p T y 1 ) can achieve N. By the proof in section 5, When l(p) ≥ 6, if deg (f w,u,p T x 1 p T y 1 ) = N, then we have deg f w,u,p = N, so w = u = p = w sr . We get x ∈ Λ and y ∈ Λ. When 2 ≤ l(p) ≤ 5, we have deg (f w,u,p T x 1 p T y 1 ) < N. When 0 ≤ l(p) ≤ 1, we have deg (f w,u,p T x 1 p T y 1 ) ≤ N. By Lemma 1.4(4), we have x ∈ Λ and y ∈ Λ if the equality holds.
Proposition 6.2. For any w J ∈ M, q ≤ w J , x, y ∈ W , R(x), L(y) ⊆ S \ J, we have deg (T xq T y ) ≤ N − L(q). In particular, T xw J T y = T xw J y . (2) The proof is similar to (1).
The Lowest Two-sided Cell
In this section, we fix an element w J ∈ M and let c 0 be the two-sided cell of W containing w J . Then we have all w ∈ W . We get c 0 is the lowest two-sided cell of W .
(2) First, we prove Λ = {w ∈ W |a(w) = N}. For any x · u · y ∈ Λ, x, y ∈ W , u ∈ M, we have β ux −1 ,xuy,y −1 u = 0 since deg f ux −1 ,xuy,uy = N. Using Lemma 1.8(3), we know a(xuy) = N, so Λ ⊆ {w ∈ W |a(w) = N}. On the other hand, if a(w) = a(w −1 ) = N, choose x, y ∈ W such that deg h x,y,w −1 = N. Then γ x,y,w = 0. By Lemma 1.8(1)(4), β y,w,x = β x,y,w = 0. So deg f y,w,x −1 = N. Using Proposition 6.1, we get w ∈ Λ. Now, we begin to prove {w ∈ W |a(w) = N} ⊆ c 0 . For w ∈ W , a(w) = a(w −1 ) = N, there exists x, y ∈ W such that deg f x,y,w −1 = N. So β x,y,w = γ x,y,w = 0 and w ∼ L x −1 . We can choose u ∈ W J such that l(yu) = l(y) + l(u) and R(yu) = J, thus yu ∼ Remark 7.2. We conjecture that Λ = {w ∈ W |a(w) = N} = c 0 for any weighted Coxeter groups of rank 3 with positive weight function. When L = l, it is true since all the elements in c 0 have the same a-function value. We hope to prove it in the general case.
